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Introduction
Let k be a number field and let G be a commutative algebraic group defined over k. For every positive integer q, let G[q] be the q-torsion subgroup of G. As usual, we denote by G m and G a respectively the multiplicative group and the additive group defined over k. By Chevalley's theorem on the classification of algebraic groups on characteristic zero (see [23, Prop. 11, 12 where r and s are positive integers and A is an abelian variety defined over k (see also [6] ). As a consequence of this fact, the q-torsion subgroup G[q] has a normal subgroup isomorphic to (G r m × G s Introduction in the general linear group GL n (q). The behaviour of Gal(k(G[q])/k) is related to the answer of the following classical question, known as Local-Global Divisibility Problem (see [6] ). PROBLEM: Let P ∈ A(k) and let q be a positive integer. Assume that for all but finitely many valuations v ∈ k, there exists D v ∈ A(k v ) such that P = qD v . Is it possible to conclude that there exists D ∈ A(k) such that P = qD?
This problem arises as a generalization of the Hasse principle, where we consider powers of primes instead of squares and commutative algebraic groups defined over number fields instead of the multiplicative group defined over Q. The vanishing of the first cohomology
) assures a positive answer (see for instance [6] , [26] ). By
Bézout's identity, to get answers for general integers it suffices to solve the problem for powers p l , where p is a prime number and l is a positive integer. When A = G m , Artin
and Tate proved that the local-global divisibility holds for powers of odd prime numbers and for powers of 2 dividing 4 (see [2] ). On the contrary, the answer is negative for powers 2 l , with l ≥ 3 (see for instance [25] ). In the case of elliptic curves the problem has been widely studied and recently a complete answer has been proved when k = Q. The answer is positive when q is a prime p (see [6] , [26] ). The answer is also positive for powers p l of prime numbers p ≥ 5, with l ≥ 2 (see [20] ). On the contrary, the answer is negative for q = p l , with p ∈ {2, 3} and l ≥ 2 (see [5] , [7] , [17] , [18] ). For a general number field k, the answer is still positive when q is a prime p (see [6] , [26] ). Furthermore, Dvornicich and Zannier essentially proved that the local-global principle for divisibility by p l holds in elliptic curves defined over a number field that do not admit a k-rational isogeny of degree p (see [8] ). A precise statement is the following (see also [19] ).
Theorem 1.1. Let p be a prime. Let E be an elliptic curve defined over a number field k which does not contain the field Q(ζ p + ζ −1 p ), where ζ p is a primitive pth root of the unity. If E does not admit any k-rational isogeny of degree p, then the local-global principle holds for divisibility by p l in E over k, for every positive integer l.
The hypothesis that k does not contain Q(ζ p + ζ −1 p ) is necessary (see [19] and [20, Sec. 6] ). Stronger criteria for the local-global divisibility in elliptic curves have been given in [19] and [20] too. In particular if E does not admit any k-rational torsion point of exact order p, then the local-global principle holds for divisibility by p l . As a consequence of the celebrated results of Merel (see [12] ) and Parent (see [21] ), thus there exists a prime p k , depending only on k, such that if p > p k , then the answer is positive for divisibility by p l in E/k (see [19] ). There exists an answer for the divisibility by p in the case of algebraic tori too (see [9] ). In a torus of dimension r, the answer is positive if r < 3(p−1).
For other algebraic groups the answer was unknown, even for q = p.
In [6] , Dvornicich and Zannier underline that the answer in this last case is not obvious.
In fact they show an example in which H 1 loc (Γ, Z/pZ) = 0, where Γ is a subgroup of the p-Sylow subgroup of GL 3 (p) of the form
They also show an example in which H 1 loc (Γ, Z/pZ) = 0, where Γ is a subgroup of the p-Sylow subgroup of GL 4 (p). Here we prove the following statement. Theorem 1.2. Let p be a prime number and let n be a positive integer. Let k be a number field that does not contain Q(ζ p + ζ
n . For every n, there exists a prime p n , depending only on
then the local-global divisibility by p holds in G(k), for all p > p n . In particular p 1 = 2,
More precisely, we prove that if "Gal(K/K) acts either irreducibly or decomposably over
, then the local-global divisibility by p holds in G(k), for all p > p n " (see Theorem
in Subsection 4.3).
In the proof we use some well-known results in the theory of groups and some results in local-global divisibility. We state a few of those preliminary results in next section.
Then we treat the special case in which
and, in particular, we give an answer to the problem for products of elliptic curves. In the last part of the paper, we proceed with the proof of Theorem 1.2.
Preliminary results
In this section we state some known results about local-global divisibility and about group theory, that will be useful for the proof of Theorem 1.2.
Let q := p l , where p is a prime number and let l is a positive integer. As above, we denote by G[p l ], the p l -torsion subgroup of G and by k(G[p l ]) the number field obtained by adding to k the coordinates of the p l -torsion points of G. To ease notation, we set
In [6] Dvornicich and Zannier proved that the answer to the problem is linked to the behaviour of a subgroup of
Definition 2.1. Let G be a group and let M be a G-module. A cocycle {Z σ } σ∈G ∈ H 1 (G, M ) satisfies the local condition if for every σ ∈ G there exists A σ ∈ M such that 
Another important result proved in [6] is about the p-Sylow subgroup of G.
is zero if and only if its restriction to
We recall Sah's Theorem, that will be useful in the following.
Lemma 2.4 (Sah's Theorem, [11] Theorem 5.1). Let G be a group and let M be a G-
As a consequence of Lemma 2.4, in particular we have the next statement.
Corollary 2.5. Let G ≤ GL n (Z/qZ), for some positive integers n and q. If λ · I n ∈ G is a nontrivial scalar matrix, then
Proof. By Sah's Theorem, we have H 1 (G, (Z/qZ) n ) = 0. The conclusion follows from
In our proof of Theorem 1.2, we also use Aschbacher's Theorem on the classification of maximal subgroup of GL n (q) (see [1] ). Aschbacher proved that the maximal subgroups of GL n (q) could be divided in 9 classes C i , with 1 ≤ i ≤ 9. For a big n it is a very hard open problem to find explicitly the maximal subgroups of GL n (q) of type C 9 . On the contrary, the subgroups of GL n (q) of geometric type (i. e. of class C i , with 1 ≤ i ≤ 8)
have been described for every n (see [10] ). We recall some standard notations in group theory and then we resume the classification of the maximal subgroups of geometric type in the following Table 1 .
Notation 1. Let n, q be positive integers and let F q be the finite field with q elements.
We denote by
• SL n (q) the special linear group of n × n matrices with entries in F q ;
• PGL n (q) the projective linear group of n × n matrices with entries in F q ;
• SO n (q) the special orthogonal group of n × n matrices with entries in F q ;
• U n (q) the group of unitary n × n matrices with entries in F q ;
• S n the symmetric group on n elements;
• A n the alternating group on n elements;
• C n the cyclic group of order n;
• A.B a group G that is an extension of its normal subgroup A with a group B (B is then a quotient of G by A), in the case when we do not know if it is a split extension or not;
• A . B a group G that is a non-split extension of its normal subgroup A with a group B (B is then a quotient of G by A);
• A ⋊ B the semidirect product of A and B (where A is the normal subgroup);
• A • B the central product of A and B;
• A ≀ B the wreath product of A and B;
• p 1+2n , an extraspecial group of order p 1+2n .
Notation 2. Let ω q be a primitive element of F * q . As in [3] , if n is even and q is odd, we denote by
• GO + n (q) the stabilizer of the non-degenerate symmetric bilinear antidiagonal form (1,...,1);
• SO + n (q) the subgroup of GO + n (q) formed by the matrices with determinant 1;
• GO + n (q) the stabilizer of non-degenerate symmetric bilinear form I n , when n ≡ 2(mod 4) and q ≡ 3(mod 4) and the stabilizer of non-degenerate symmetric bilinear diagonal form (ω q , 1, ..., 1), when n ≡ 2(mod 4) and q ≡ 3(mod 4);
• SO − n (q) the subgroup of GO − n (q) formed by the matrices with determinant 1.
Here is the classification of the maximal subgroups of GL n (q) of geometric type.
stabilizer of a totally singular or nonsingular subspace maximal parabolic group
stabilizer of an extension field of F q of prime index r
normalizers of symplectic-type r-groups (r prime) in absolutely irreducible representations
2 ), q a square Table 1 Although we generally do not know explicitly the maximal subgroups of type C 9 , by Aschbacher's Theorem, we have such a description of them:
"if G is a maximal subgroup of GL n (q) of class C 9 , then for some nonabelian simple group T , the group G/(G ∩ Z) is almost simple with socle T ; in this case the normal subgroup (GZ).T acts absolutely irreducibly, preserves no nondegenerate classical form, is not a subfield group, and does not contain SL n (q)." Furthermore, for very small integers n there are a few subsequent and more explicit versions of Aschbacher's Theorem, that describe explicitly even the subgroups of class C 9 . To prove Theorem 1.2 we will use the classification of the maximal subgroups of SL n (q) appearing in [3] , for n ≤ 12. Then, from the exact sequence
we will then get information on the maximal subgroups of GL n (q).
Decomposable actions and products of elliptic curves
We first investigate what happens when the group Gal(k(
, for any positive integer q. In this case, the representation of G in GL n (q) is a group of matrices with diagonal blocks.
Lemma 3.1. Let q be a positive integer and let GL n (Z/qZ) denote the group of n × n invertible matrices, with entries in Z/qZ. Suppose that G acts decomposably on
e. the representation of G in GL n (Z/qZ) is of the form
where A i ∈ GL ni , for i ∈ {1, 2, ..., h} and
Proof. We prove the statement when h = 2. When h > 2, the conclusion follows by induction. Assume that the representation of
of the form (Z/qZ) n1 and Z σ,A2 := (z σ,n1+1 , ..., z σ,n ) ∈ (Z/qZ) n−n1 . Since {Z σ } σ∈G satisfies the local conditions, then {Z σ,A1 } σ∈A1 and {Z σ,A2 } σ∈A2 satisfy the local conditions too. Because of our hypothesis that
, for all σ ∈ A 1 . In the same way, since
We have proved that every cocycle of G with values in (Z/qZ) n and satisfying the local conditions is a coboundary; thus
Observe that the conclusion of Theorem 3.1 holds even if we assume that the image of the representation of
subgroup of GL n (p m ) (for some prime p and some positive integer m) as in 3.1. It will be just a technical assumption, that we shall use in proving Theorem 1.2.
With Lemma 3.1, the case of products of elliptic curves is easy to solve, once we know an answer for elliptic curves; anyway it is worth to be mentioned here for completeness.
Theorem 3.3. Let k be a number field and let E 1 , E 2 be elliptic curves with Weierstrass form respectively
Let p be a prime number and l be a positive integer. The local-global divisibility by p l holds in the product E 1 × E 2 over k if and only if it holds in both E 1 over k and E 2 over k.
Proof. To ease notation let G = E 1 × E 2 . The fundamental observation is that the repre-
is a group of matrices with two diagonal blocks (each of them with 2 rows and 2 columns). It is not true in general that the whole automorphism group of a product of elliptic curves is formed by matrices with diagonal blocks. But this is the situation, when we restrict to automorphisms correspond-
corresponds to a Galois homomorphism of the extension k(G[p l ])/k, whose action on the points of G can be viewed as a two separate actions on the points of E 1 and E 2 (even when E 1 = E 2 ). We can apply Lemma 3.1 to get the conclusion.
The argument in the previous proof works also if we have an abelian variety of dimension 2n (where n is a positive integer), that is the product of n elliptic curves E 1 , ..., E n satisfying the hypotheses of Theorem 3.3. Then, more generally, we have the following statement.
Theorem 3.4. Let k be a number field, let n be a positive integer and let E 1 , E 2 , ..., E n be elliptic curves with Weierstrass form respectively ywhere b i , c i ∈ k. Let p be a prime number and l be a positive integer. The local-global divisibility by p l holds in the product E 1 × E 2 ... × E n over k if and only if holds in every
By using Theorem 3.4 and [19, Corollary 2], we get the next result.
Corollary 3.5. Let k be a number field, let n be a positive integer and let E 1 , E 2 , ..., E n be elliptic curves with Weierstrass form respectively
depending only on the degree
, then the local-global divisibility by p l holds in the product E 1 × E 2 ... × E n over k, for every positive integer l.
Furthermore, if k = Q, we can combine Theorem 3.3 with the results appearing in [20] , [18] and [5] , to get a complete answer to the local-global divisibility in products of elliptic curves defined over the rationals.
Corollary 3.6. Let n be a positive integer and let E 1 , E 2 , ..., E n be elliptic curves defined over Q with Weierstrass form respectively y 2 = x 3 + b i x + c i , for i ∈ {1, 2, ..., n}, where
Let p be a prime number. If p ≥ 5, then the local-global divisibility by p l holds in the product E 1 × E 2 ... × E n over Q, for every positive integer l. If p ∈ {2, 3}, then the local-global divisibility by p l holds in the product E 1 × E 2 ... × E n over Q only when l = 1;
on the contrary, when l ≥ 2, there are counterexamples.
Remark 3.7. For powers of 2 (resp. powers of 3), the explicit counterexamples to the local-global divisibility appearing in [17] and [18] give also explicit counterexamples to the local-global divisibility by 2 l (resp. 3 l ) in product of elliptic curves, for every l ≥ 2.
It suffices to take the product of E 1 , ..., E n elliptic curves with at least one of the E ′ i s being a curve giving a counterexample.
Proof of Theorem 1.2
We will prove Theorem 1.2, by proving this more general statement.
Theorem 4.1. Let p be a prime number and let l, n be positive integers. Let k be a number field that does not contain Q(ζ p + ζ
some positive integer. For every n, there exists a prime p n , depending only on n, such that if p > p n and the local-global divisibility by
To deal with powers of p instead of p will be useful when G is of type C 3 (and it is isomorphic to a subgroup of GL t (p r ).C r , with n = tr and r prime) or G is of type C 5
(and it is isomorphic to a subgroup of GL t (p r ), with r a prime dividing m). Clearly for l = m = 1, the previous statement is nothing but Theorem 1.2, combined with Lemma 3.1.
We give a proof of Theorem 4.1 based on a case by case analysis of the possible subgroups of SL n (p m ), for every n ≤ 4. Then we prove the statement for a general n, using induction for some of the classes C i of groups. At last, we establish p n , for
For n = 1, Theorem 4.1 follows directly by Artin and Tate's result in [2] , cited above.
From now on, we may then assume that n ≥ 2. Let G be a subgroup of GL n (p m ) and let We first prove that G = SL n (p m ).
A generalization of the Weil Pairing on elliptic curves to all abelian varieties is wellknown (see for example [4] , [13] and [15] ). In the same way one defines a Weil Pairing on a commutative group G. Since the literature is lacking in showing explicitly the definition for all commutative algebraic groups, for completeness we give it here. 
and the function g(X + P )/g(X) has image in the group µ q of q-th roots of the unity.
Thus we define the Weil Pairing e q :
where X ∈ G is a point such that g(X + P ) and g(X) are both defined and nonzero.
Exactly in the same way as for elliptic curves and abelian varieties (see for example [24] ), one can prove the following two facts.
Proposition 4.3. Let ζ q be a primitive q-th root of the unity. Then
We are ready to prove that G = SL n (p m ).
Lemma 4.4. Let k be a number field that does not contain Q(ζ p + ζ
Proof. We use the properties of the Weil Pairing described in Proposition 4.3. First of
, where ζ p l is a primitive p l th root of the unity. Let σ ∈ G,
. Therefore ζ p l is fixed by the whole G, i. e. ζ p l ∈ k, a contradiction with our assumption that k does not contain
From now on we will often assume, without loss of generality, that G is a proper subgroup of SL n (p m ).
4.1
The cases when n = 2 and n = 3
We first prove the statement of Theorem 1.2 for n ∈ {2, 3}.
When G SL 2 (p m ), the following statement can be deduced from the proof of [8,
Lemma 4.5. Let k be a number field that does not contain Q(ζ p + ζ
, where p > 3 is a prime number and l, m are positive integers. If G does not admit a k-rational isogeny of degree p, then the local-global principle holds for divisibility by p l in G over k.
In particular that results holds when l = m = 1.
Assume now that G is a commutative algebraic group such that Gal(
We use the classification of the maximal subgroups of SL 3 (p m ) appearing in [3] and stated in next Lemma 4.6. An alternative proof could use the classification of the maximal subgroups of PSL 3 (q m ) given by Mitchell for p odd (see [14] ). 3 A 6 , a subgroup of order 9 · 5!, with a normal subgroup isomorphic to C 3 and a quotient isomorphic to A 6 .
We also need the following classification of the maximal subgroups of SU 3 (q) (see such that s = r 2 s 2 , with r 2 prime. Since m is finite, then either G is trivial, or a certain point we find that G is isomorphic to a subgroup of SL 3 (p sj ) (for some positive integer s j ) of class C i , with i = 5. Then we may apply the arguments used above to get the conclusion. ✷
The case when n = 4
In this section we consider commutative algebraic groups
. First of all, we recall some group isomorphisms. 
Here is the classification of the maximal subgroups of SL 4 (p m ) appearing in [3] . (b) a group of type C 1 , the stabilizer of a line, having order q
(c) a group of type C 1 , the stabilizer of a plane, having order q 6 (q 2 − 1)(q − 1) 3 ;
(d) a group of type C 1 , a group isomorphic to GL 3 (q) × F * q (that stabilizes a subspace of dimension 3), having order q
(e) a group of type C 2 , the stabilizer of a decomposition of four subspace of dimension 1 whose direct sum is F (f ) a group of type C 2 , the stabilizer of a decomposition of two subspace of dimension 2 whose direct sum is F (g) a group of type C 3 , a group of order 2q 2 (q 4 − 1)(q + 1)
(h) a group of type C 6 , an extraspecial group of order 2 6 (q − 1)6!;
(i) a group of type C 6 , an extraspecial group of order 2 5 (q − 1)6!;
(j) a group of type C 8 , a group of order (q − 1)gcd(q − 1, 4)|SO (m) a group of type C 9 , the group A 7 (only if p = 2);
(n) a group of type C 9 , the group
(o) a group of type C 9 , the group
(p) a group of type C 9 , the group
In the proof, we will also use the classification of the maximal subgroups of the sympleptic group Sp 4 (q), when q is odd (see [3] ). 
(l.2) a group of type C 1 , the stabilizer of a projective line, having order q
(l.3) a group of type C 2 ,, the stabilizer of a decomposition of two subspace of dimension 2 whose direct sum is
(l.4) a group of type C 2 , the group GL 2 (q).C 2 ;
(l.5) a group of type C 3 , the group Sp 2 (q 2 ) ⋊ C 2 ;
(l.6) a group of type C 6 , an extraspecial group of order 2 5 5!;
(l.7) a group of type C 6 , an extraspecial group of order 2 4 5!;
(l.8) a group of type C 9 , the group C · 2 A 6 ; (l.9) a group of type C 9 , the group C · 2 S 6 ; (l.10) a group of type C 9 , the group C · 2 A 7 (only for p = 7);
(l.11) a group of type C 9 , the group SL 2 (q).
Proof of Theorem 4.1 for n=4. Let p > 3. Without loss of generality we assume that G is contained in a proper subgroup of SL 4 (p) and we use Lemma 4.9.
If we are in cases (e), then p ∤ |G|, the p-Sylow subgroup of G is trivial and
If we are in case (h) (resp. case (i)) and p > 5, then the p-Sylow subgroup of G is trivial too and H 
In cases (j) and (k) we use the group isomorphisms listed in Proposition 4.8. Then both cases are covered by Lemma 4.5.
In case (g), the group G is contained in a group that has a normal subgroup isomor-
Then, by Lemma 2.3, we have H 
and (l.10), the p-Sylow subgroup of G is either trivial or cyclic, for all p > 3. Cases We are left with the cases when G is of type C 9 and it is not contained in Sp 4 (p).
In all those cases (m), (n), (o) and (p) the p-Sylow subgroup of G is either trivial or cyclic, for all p > 3. Then
Let k be a number field and let A be an abelian variety of dimension 2. The local-global divisibility by p holds in A over k for every prime number p > 3.
General Case
We are going to prove Theorem 4.1. We use the description of the subgroups of GL n (q)
given in Table 1 . We prove before the first part of that theorem, resumed in next proposition; then we look for explicit p n , when 5 ≤ n ≤ 12.
Proposition 4.12. Let p be an odd prime number and let l be a positive integer. Let k be a number field that does not contain Q(ζ p + ζ
for some positive integer m. For every n, there exists a prime p n , depending only on n, such that if p > p n and the local-global divisibility by
Proof of Proposition 4.12. Let p > 2. We proceed by induction, having already proved the statement for every n ≤ 4. Assume that the proposition holds for all integers m < n. We will prove it for n.
Suppose that G is of type C 2 . Then G is the wreath product of a group G ′ of matrices with m diagonal blocks by a symmetric group S m , with m dividing n. If p ∤ m, then 
Suppose that G is of type C 4 . Then G is isomorphic to a subgroup of a central
, where rt = n and V 1 , V 2 are vectorial spaces over F p l , with dimension respectively t and r. We prove the conclusion only for
is the same as for G being the whole central product. Observe that this is another case that does not hold if n is a prime. Let
If Z σ⊗τ satisfies the local conditions, then there exists
, for some A σ⊗τ,1 ∈ V 1 and A σ⊗τ,2 ∈ V 2 . We have two separate actions of GL t (p m ) on V 1 and GL r (p m ) on V 2 . Then we can construct a cocycle
In the same way we can construct a cocycle Z τ := (τ − 1)A τ , with σ ∈ GL t (p m ), A τ ∈ V 2 by A τ among the possible A σ⊗τ,2 ∈ V 2 . For the tensor product construction, a priori we could have more than one choice of A σ (respectively A τ ) for each σ (resp. τ ). Anyway, we choose just one A σ (resp. A τ ). We will have no problems about this choice, because of the two separate actions of GL t (p m ) and GL r (p m ) on V 1 and V 2 .
Observe that even in the general case when a cocycle of a certain group Γ (acting on a Γ-module M ) satisfies the local conditions as in Definition 2.1, there could exist various A σ satisfying the equality Z σ = (σ − 1)A σ . Anyway we make just one choice for A σ ∈ M , for each σ ∈ Γ. Since r < n, by induction we have H 
As above, lett be the greatest proper divisor of n. Then for every p > pt, we have H
If G is of class C 5 , then G is isomorphic to a subgroup of GL n (p t ), where m = rt, with t a positive integer and r a prime. If G is still of type C 5 in GL n (p t ), then G is isomorphic to a subgroup of GL n (p t2 ), for some integer t 2 , such that t = r 2 t 2 , with r 2 prime. Since m is finite, then either G is trivial, or G is isomorphic to a subgroup of GL n (p tj ) (for some positive integer t j dividing m) of class C i , with i = 5. We may repeat the arguments used for other classes C i , with i = 5, to get the conclusion.
Suppose that G is of class C 6 , i. e. G is an extraspecial group. If n is not a power of a prime this case does not hold. Let n = r t , with r prime. If p = r, then the p-Sylow subgroup of G is trivial and
Assume that G is of class C 7 . Thus G is the stabilizer of a tensor product decomposition r i=1 V t , with n = t r and dim(V i ) = t, for every 1 ≤ i ≤ r. By using induction on r and the argument given in the case when G is of class C 4 as the base of the induction,
Suppose that G is of class C 8 . Since p m is odd, then G is contained either in the group Sp n (p m ), with n even, or in the group O ǫ n (p m ), with ǫ ∈ {+, −} or in the group GU n (p 
, for all h ≤ n, then G is contained in a subgroup of type C i , with 1 ≤ i ≤ 9 and i = 8. By the same arguments used in the cases C i , with i = 8, we get the conclusion. Let p s := max{p i |i < n}. Then, for all p > p s , we have H 1 loc (G, G[p l ]) = 0, unless G acts reducibly but not decomposably over
For every n (similarly to the exactly known cases when n ≤ 12), there is a finite number of subgroups of GL n (p m ) of type C 9 . Such groups are either fixed or they are an extension of a subgroup of GL t (p j ) (for some positive integer j and some proper divisor t of n) with a fixed group or they are a product (direct, central or semidirect) of a subgroup of GL t (p j ) (for some positive integer j and some proper divisor t of n) with a fixed group. Let p h be the greatest prime dividing the order of one of the fixed groups.
And let p n := max{p h , p s , p g }. By induction, if p > p n , then the p-Sylow subgroup G p of G is trivial and H 
The cases when 5 ≤ n ≤ 12
We will show p n , for all 5 ≤ n ≤ 12 and we prove the last sentence in Theorem 4.1. As above, we still assume that G is a commutative algebraic group such that Gal(k(G[p l ])/k) GL n (p m ), for some positive integer m.
Because of Proposition 4.12, we have just to prove the following facts. Looking at the proof of Proposition 4.12, we see that p n depends only on the primes p i , for every i < n, on the greatest prime p g dividing n and on the subgroups of type C 9 .
Proof of Proposition 4.13. We use the notation adopted in the proof of Proposition 4.12.
Let n = 5. First of all, note that p s = 3. In the proof of Proposition 4.12 we have defined p g as the greatest prime dividing n, then p g = 5. Furthermore, we have defined p h as the greatest prime dividing the cardinality of a subgroup of type C 9 . Anyway, for n = 5 in [3] we have the following explicit list of maximal subgroups of SL 5 (p m ) of type
(a) subgroup of type C 9 , the group SL 2 (11) × C d if p ≡ 1, 3, 4, 5, 9 (mod 11), a group of order 2 4 · 3 · 5 2 · 11 · d;
(b) subgroup of type C 9 , the group U 4 (2)×C d , if p ≡ 1 (mod 6), a group order 2 6 ·3 5 ·5·d.
Then we may choose p h as the greatest prime dividing the cardinality of a subgroup of type C 9 , such that the p h -Sylow subgroup of G is nontrivial and non cyclic. In that case p h = 5 too. Then p 5 = 5.
If n = 6, we have p g = 3. We look at the table at page 389 in [3] , describing the maximal subgroups of SL 6 (p m ) of type C 9 . We may choose p h = 3, as the the greatest prime dividing the cardinality of a subgroup of type C 9 , such that the p h -Sylow subgroup of G is nontrivial and non cyclic. Then p 6 = p s = p 5 = 5.
If n = 7, we have p g = 7. We look at the table at page 395 in [3] , describing the only maximal subgroups of SL 7 (p m ) of type C 9 , i. e. C d × U 3 (3), where l = 1, p ≡ 1(mod 4) and d = gcd(p − 1, 7). We may choose p h = 3. Since p s = p 5 = 5, then p 7 = p g = 7.
If n = 8, we have p g = 2. we look at the table at page 399 in [3] , describing the maximal subgroups of SL 8 (p m ) of type C 9 . We have p h = 2. Then p 8 = p s = p 7 = 7.
If n = 9, we have p g = 3. We look at the table at page 406 in [3] , describing the maximal subgroups of SL 9 (p m ) of type C 9 . Some of those subgroups are extensions or central products of the group SL 3 (p 2m ). Then we use induction and we may choose p h = p 3 = 3. Therefore p 9 = p s = p 7 = 7.
If n = 10, we have p g = 5. We look at the table at page 410 in [3] , describing the maximal subgroups of SL 10 (p m ) of type C 9 . As for n = 9, by using induction we may choose p h = p 5 = 5. Thus p 10 = p s = p 7 = 7.
If n = 11, we have p g = 11 and p s = 7. We look at the table at page 418 in [3] , describing the maximal subgroups of SL 11 (p m ) of type C 9 . We may choose p h = p 5 = 5.
Thus p 11 = 11.
If n = 12, we have p g = 3 and p s = 11. We look at the table at page 422 in [3] , describing the maximal subgroups of SL 12 (p m ) of type C 9 . We have p h = 3. Then p 12 = p s = 11. ✷
